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REVIEWS REVIEWS 

the argument, and asserts that "The conclusion of Wantzel, that the 
roots cannot be indicated in algebraic language, is equivalent to saying 
that there are no roots " ! 

At the beginning of his preface Mr. M'Ginnis tells us that his book 
appears "at the request of many able mathematicians, teachers, and 
scholars throughout the United States," and follows this by a list of 
" a few " of them, which includes, with others, two professors of mathe- 
matics (one of whom professes " Languages " as well), a President of a 
College, a Principal of a High School, and a State Superintendent. 
Assuming that they have not been unkind enough to play a practical 
joke, it is difficult to form a high opinion of their intellectual capacity. 

G. B. MATHEWS. 

Proportion; a Substitute for the Fifth Book of Euclid. By 
Professor G. A. GIBSON, M.A., F.R.S.E. (John Lindsay, Edinburgh; 
8vo., pp. 27.) 

Prof. Gibson's pamphlet has received the formal approval of the 
Edinburgh Mathematical Society, and is printed in the Proceedings of 
the Society for the current year. We welcome it as a genuine and not 
unsuccessful attempt to provide a satisfactory substitute for the Fifth 
Book of Euclid. By a fortunate coincidence, it appears at the same 
time as a more elaborate attempt of the same nature by Prof. M. J. M. 
Hill, F.R.S. ("Euclid, Books V. and VI.," Cambridge University 
Press.) The coincidence will have happy results if it leads to a 
general discussion and to some practical improvements in the teaching 
of proportion in elementary geometry. That such improvements are 
much needed is very clearly shown by Prof. Hill, both in the book 
referred to and in the School World for September and October, 1899. 
We hope that Prof. Hill's work will be reviewed later in these columns, 
and we refer to it at present solely for the sake of comparison. 

In criticising Prof. Gibson's pamphlet we are not questioning 
its present opportuneness and value, but merely giving expression 
to personal views and predilections on a debateable question of method 
and procedure. Prof. Gibson advocates an entire departure from 
Euclid's method by recommending two fundamental alterations: first, 
that ratio should be defined as a number from the outset, and second, 
that the consideration of the ratio of like commensurable magnitudes 
should be separated from and precede the consideration of the ratio of 
like incommensurable magnitudes. In ? 3 it is apparently implied, 

though not formally stated, that the symbol - A represents m times 

the 1th part of the magnitude A, when m and n are positive integers. 
In ? 6 the following definition is given:-" If A and B be two like 
magnitudes having a common measure M, so that A = m M, B= n M, 
and therefore A = - B, the ratio of A to B is defined to be the fraction 

m.,, In ? 16 the definition is extended to incommensurable magnitudes 
as follows:--" If A, B are two like incommensurable magnitudes, and if 
B be divided into any number n of equal parts of which A contains 
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mn m+1 more than m but less than m+ 1, so that A > B but A < m B, 

then the ratio of A to B is defined to be the irrational number which 

is greater than every number of the set 
m 

and less than every number 

of the set +. There is a simplicity and likeness in these defini- 

tions which is certainly attractive; but it may be questioned whether 
the second definition is quite satisfactory. Prof. Gibson proves that 
there is not more than one irrational number which can satisfy the 
definition, but he does not prove that there actually is one number 
which satisfies it. It is the existence of one and only one such number 
which corresponds to what Prof. Hill calls the fundamental proposition 
in the theory of ratio; although he considers the proof too difficult to 
find a place in an elementary text-book. The existence of the number, 
if not proved, should be explicitly stated as an assumption or given as 
an axiom. 

There are other parts of Prof. Gibson's exposition, such as ?? 11, 12, 
which do not appear to be sufficiently clear. But these, if we under- 
stand them aright, are but minor defects which can be easily rectified. 

On one point there is universal agreement, that Euclid's Fifth Book, 
notwithstanding its admirable treatment of proportion, is too difficult 
for even the most intelligent students. There is also a general agree- 
ment that the usual way of meeting the difficulty, which consists in 
employing two methods that are not equivalent, viz. starting with 
the definitions of the Fifth Book and then giving algebraic demonstra- 
tions of the properties of ratio, is not only indefensible, but the cause 
of much confusion. Unfortunately there is not agreement as to the 
best way of meeting or remedying the difficulty. It is to be feared that 
an agreement on this point will not be arrived at until Universities, 
Colleges, and Schools are brought into closer touch with one another. 
What seems to be needed is the formation of an authoritative mathe- 
matical board, representing both advanced and elementary education, 
whose recommendations in respect to teaching and examination would 
be generally adopted. Little or no improvement and advance in 
mathematical teaching can be expected unless Cambridge can be in- 
duced to exert its proper influence. 

Prof. Gibson thinks that the best way out of the difficulty is to give 
up any attempt to discover a distinctively geometrical method of 
treating proportion, and to fall back on the results of higher arith- 
metic and algebra. Prof. Hill's aim is to simplify Euclid's method 
by discarding the unessential and most difficult parts, and to make 
it more geometrical, or rather graphical. By whatever method the 
subject may be approached certain inherent difficulties are encountered 
which cannot be avoided. In the geometric method the idea of ratio as 
a relation existing between any two like magnitudes is gradually 
developed, and only after the idea has become fully established and 
taken definite shape is it shown that ratio is measurable by a number. 
We think that Prof. Hill has successfully shown that the geometric 

1 Cambridye Philosophical Transactions, vol. xvi., p. 244. 
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method is not intrinsically more difficult than the arithmetic, and that 
it can be presented in a less abstract and consequently more easily 
intelligible way to the learner. If this is so, there are some strong 
reasons why the geometric method should be preferably adopted, one 
being that it can be learned at an earlier stage, and another that 
the two methods are independent, each serving to illustrate the other, 
and forming when combined a more complete and convincing whole 
than would result from the arithmetic method alone. 

F. S. MACAULAY. 

MATHEMATICAL NOTES. 

84. [K. 13. a.] In connection with Problem 372 (Vol. I., no. xxii., p. 371), 
it may be useful to remark that the point (0) common to the planes bisecting 
AA, BB', CC, ... is not a point which remains fixed in the displacement. 
But if O' be the (optical) image of 0 in the plane ABC..., then O' is displaced 
to the position formerly occupied by 0. This point seems to have been 
noticed first by Prof. Crofton (Proc. Lond. Math. Soc., Vol. IV.), who called 
attention to the fact that apparently we could construct a centre of rotation 
in this way, just as is done in a two-dimensional displacement. 

It may be worth while to call attention to the points which do remain 
fixed in a general rigid-body displacement. Since this is a special case of 
a one-to-one transformation in space, there will be four such points; and 
these are all at infinity, two of them being the circular-points in a plane 
perpendicular to L, and the other two coinciding with the point at infinity on 
L. Here L is used to represent the central axis of the displacement; or a 
line such that the displacement of the body can be made up of a translation 
along L, together with a rotation about L. T. J. I'A. BROMWICH. 

A A 85. [K. 20. d.] Geometrical proof for cos A, sin A 
<u 2t 

Let A be centre of circle of unit radius 
Let B be middle point of EC. 
From E, B draw perpendiculars EK, BL to AC. 

A BC I sin = -C CL. CA (B=90?) 

= /CL = (1- AK) 
=/ 2(1 -cos A). 

cos =AB= AL . A C=/AL 
2 

=?i(AC+ AK) 
=?(1 +cos A). J. H. HOOKER. 

86. [K. 20. d.] Proof of the formula b+c tall (B+ C) 
b--c tan (B- C) 

Make AD= AE=AB, and draw DM parallel to EB meeting CB in M. 
Then DM is perpendicular to DB, and 

L ABD=L ADB=?(B+C), L DBC=2(B-C). 
b- c CD DM DM BE tan (B - C) Therefore b+c C BE- BE- DB DB~ tan (B + C)' 

W. J. JOHNSTON. 
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